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1. Introduction

The incoiipressible inviscid flow about a flat plate is basic to the theory
of aerofoils in aerodynamics. Fully -attached flow around a flat plate may be
determined by confornal mapping from the flow around a circular cylinder
with the Kutta condition that velocity is finite and the prssure is continuous
at the trailing edge of the flat plate. Schmieden [1] proposed a niethod to
determine flat plate flows with separation from the rearward surface forming
an open. infinite wake (Another class of solution has also been considered by
Schiuiedeti in an earlier paper [2]). ilis work has been largely ignored in the
English literature. It is to be shown here that Schinieden's proposal can be
extended into a method which spans the full range of admissible separated
potential flows about a flat plate and also about an arbitrary aerofoil sect ion.
Tlhis provides a new theory which spans the whole range from IHelmholtz'
theory to Joukowski's theory.

Specifically, an extension and modification of Schinieden's method of de-
termining the flow about a flat plate is presented here. It yields the Joukowski
and Uelnholtz flows as given in Lamb [3], as particular limiting cases, and
permits a continuous variation from one flow configuration to t he ot her. The
iiethod is simple but is general enough to allow for the represent at ion of
flow about aii arbitrary aerofoil section when tie sect ion is approximated by
a polygon. The problem has not been treated in the comprehensive book by
Birkhoff and Zarantonello [] and is of a more general nature than thin wing
theory based on perturbation as given in the book by \Voods [5]. By alter-
iig the complex velocity function other variant flows can also be modelled,
among which is the flow about a flat aerofoil with a rear free-stream flap.
This flow was described by hnrley and Ruglen [6], and has been considered
more recently by Saffman and Tanveer [7].

Separated flow with a finite wake has recently been a topic of interest,
as shown in the numerical stidies of Ribaut [8,9] and tie references cited
there. The merit of the present method is that it requires only a very small
anount of computation to arrive at a self-consistent potential flow model.
This model may then be used as an initial state for iterative processes such
as those of Hibaut. It may also be used as a flow model in its own right,
as a reasonable representation of a real physical flow, in a similar way to
Pinkerton's model [10] in order to obtain a reduced circulation so that the
advantage of the latter model is retained but wit hout incurring tihe violation
of Kutta's condition at the trailing edge of the aerofoil.

'[he new theory presented here does not give an under-pressure inside
the finite wake. This is consistent with the statement in Batchelor's book
[11] that no mat hematical model of inviscid flow without anomalies has been
found to satisfy the under-pressure condition. This feature is also charac-
teristic of the whole set of free-stream flows which have appeared since the
original paper by lelmholtz. The theory presented here is proposed as a
fairly simple solution upon which more refinements may be added to arrive
at some better predict ions than are afforded by existing met hods: indeed, a
iiore elaborate model wit h recirculat ion is tinder invest igat ion.

It may be noted that tie reunion of free streamlines behind an obstacle
has been a subject of cont roversy. Sout hwell and Vaisey [12] obtained such
reunion behind a circular cylinder with their relaxation mlethod. This reunion
was sibsequeit l questioned by GCI.Taylor and doubt was raised whet her it



was due solely to the use of numerical approximation. The existenice of such
a reunion point inl a symmnetrical potecntial flow was first shown by light hill
[131 in answer to 'raylor's question. The results in this paper cotifriii thle
existence of reunion points in more general asymmnet rical flows.

2. Flow about a Flat Plate

U sinig Hlelimh olt z' ineithd w1(.le dlefinte a coniplex velocit y pote(nlial

= P + i - (6. v real). (1)

atid a compillex funct ion ( is introd uce(]

where q and 6 are the magnitude and angle of the velocity vector in thle
(physical) z-plane. The flow under considerat ion is shown in t he physical and
the hodograph planes in figures Ia and lb. In figure Ia, thle phy~sical flow is

pit a ii ad then follows two different p~aths alonig ABCNVD and AEl).
Th pe railing free t reami line CWD leaves thle I railing surface of I lie flat

plat tagenially. As this free streamline begins withI its concavity initially
oil ts uperside and proceeds to infinity with the concavity finially oii its
lowerside imst hana inflect ion point WX somiewhere between C aiid D.
Theinfectonpoint NN snot easily seen in figure Ia due to tile snall degree
of crvaureand the scale of the plotted figure. Thle area behind thle flat
plae, ounedby the curve DWC(ED is the separation wake with constant

pressure inisidle and with no iinternial flow, Tile chaninel with tilie breakwater
in figure lb corresponds to the physical flow outside tile sep~arat ion wake of
figure Ia. The solutioti to this flow with all infin~ite wake isd(ue to Schmiieden.
Thle imethod0( of solution given below will be slight ly dlifferenit froiii t hat of
Schinieden's original wvork so that it call be extended smioothly into flows
where thle two trailing free st reami lines reunite at a finiite distance fromt tie
aerofoil.

lIntrodlucing a a p)lanie such that

ri A)(a - art)

the flow shown in figure Ic is obtained. The comiplex scalinig coiistanit C'
deterines the size and the orieintation of the flow iii the z-plane. Tile
upper seiiii-f-ircle corresp~ondls to the constant dlirect ion paths in the z-plane
and the real axis corresponds to the free streamliines in the z-plane, which
have constant q. '[hle center XV of the semi circle is chosen to correspond
to tilie inflect ion point, of tile free st reainline DA H('XD in tile z-plaiie. It
corresp~ondls to thle tip of the breakwater in thle ( p~lanie, which is the point
where t here is a reversal in the variat ion of the direct ion of thle yet city
vector along a free st reaniline in the physical plane. A consequence ; that
aA is equal to -&B. '[le existence of thle inflectioni point NV in tile infinite
wake case is the consequence of t lie assumption that the tipper trailing free
streaii line leaves thle trailing surface of thle flat plate tan7gentially. Here it.
is assiiiedl t hat exactly one inflect ion point exists onl oiie of tilie two t railing
free st reant lines. TIhis assumnpt ion will be justified a posieri i Tlhe met hod



tif so! i ti n here differs fromi t Iiat of Sch ni edeni in t hat the inflect ionl poinlt
NN* is chosen to be the center of the semicircle of the a pliane rather than D
being t he ceniter of the soiiicircle of Schiiiieden's r- plane.

Putt ing 1) onl tilie real axis of thle semni-circle andl taking the comlplex
funct ion it,(,) to be

-----------------------------------------------------------+ )

'.othat the imaginary p~art of u(a) is constant along t lie boundary ofthle semi-
circular disc of the a plane. with p being a real constant gives Scliniiedenis

solution to the flow with .determiined by

i ~ Ia. (5)

As D is put at various posit ions from 1 to 0 onl tile real axis of thle a
r lplane thle flow- varies continuiously from Hlelmiholt z' fully separated flow to

flow with a wake closing at infinity. In ( lie limit when D) is close to I in
the a plane, the flow tends to the configuration of Hlelmnholtz's flow. Thle
separation p~oint C is theii very close to thle leading edge B3 of the flat plate
and thle inflection point Wt is also very close to B. Therefore thle upper free
st reamuline appears as if it was leaving tilie leading surface of tile flat plate
at thle point B as in Helmholtz's result. The point D) cannot be puit on the
negative p~art of the real axis of the a plane as this creates free streamlines
which cross at a finite distance from thle t railing edge. Thle latter kind of
solution is unacceptable. The above result is essentially the samie as given
in Schiieden's paper excep~t for the choice of thle inflect ion poinit W as tilie
ceniter of thle semicircle. It is this choice which allows the smooth t ransit ion
to a flow wvith a finite wake.

It is found here that as the point, D cannot be put to the left of the center
of the seuni-circle it can be put above the real axis. having its associated
compillex potenitial ii(a) as

a-a(fn I-aa a-an

7- + ild hi ,?( -a4 a)
-5a (a (7 ( JD &Da)

which is chosen so that the imaginary part of u'(a) is constant along thle
b~oundary of the semicircular dlisc of the a plane, with j,i being real numibers
corresp~ondinig to a doublet p)lus a vortex at apD and its three image points.
A closed wake flow is then obtained. The two trailing free streamlines close
at the p~oint -F in the physical plane, which corresponds to the point ar on
the negative real axis of the semi-circle in the a planie. The real numbers i3
and yare dletermnmed by the fo~lowing two equations

-___(6)
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which require that A be a stagnation point and that the integral given by
formula (5) vanish along the contour ABCFEA respectively; these two equa-
tions will he discussed in detail later.

As tile point an moves upwards leaving the center while tending toward
the top of tie seni-circle, the flow in tle physical z-plane closes nearer and
nearer to the trailing edge of the flat plate. In the limit as 6,D tends to +i
with U.4 and tp moving towards the same point to keep the angle of attack
constant. the flow in the z plane tends to the Joukowski flow about a flat
plate w;t h its angle of attack e, determined by the relative posit ions of ,P. 0 .A
and a,. The value ofr represents the circulation about the geometry foried
by the aerofoil and its closed wake. As the flow tends towards the Joukowski
flow t lie circulat ion -, increases toward that required in Joukowski flow. Hence
a flow with a closed wake imav be regarded as a "reduced circulation" flow.

(onsider now tile two equations (6) an( (7). To satisfy them both. tile
point an must follow a specific curve joining 7 = 0 and c = i for each given
value of angle of attack , (i.e. eaci" angle of attack , corresponds to a different
curve), as illustrated by the lines of constant a in figure 5. It is seen that for
each given a.A and a = -A", the difference h(ap) between the two values of -
given by equations (6) and (7).

Inrle "t -, v,+ -,r ] I, l

)= *+ 2i,' [ -- .
0 -- - * -

0
7 ) 17 D " - J

tends to + -and --x when the argument of ao tends too and to r respectively
while the magrnitude of 0 < il,, < I is kept constant. The reason is that the
last term renmins finite and file first term is approximated by -cos,3/tm(aD).
Since h(a7p) is cuntinuous inside tie semi-circular disc there must be a zero
of h(an) for each value of Japl. Also for each value of ey.4 = -aB, the argument
tol of c,, required such that hf '7) vanishes is a continuous function of the
corresponding magnitude JIM. Since h(av) is positive for LapD close to o and
negative for taD close to ;r and h(UD) is continuous it is obvious that there
niist be a continuous line joining rop = 0 and Iol = I on which h(arp) is
zero. As the angle of attack is a continuous function of av and a, there is a
continuous line joining a = 0, a = i for each angle of attack smaller than r/2
such that the fiinction h(ar)) is zero on this line. This is depicted in figure 5.

It is noted that this proof of existence of the locus for o such that
= holds irrespective of the form of the function d:/d, as long as we

have
lim,,l,_(_, 3) -im, ,3) < 0,

with 3(ap) determined from equation (7) only.

All solutions for separated flow about a flat plate are given in the graph
of figure 5. This graph relates the values of Argument(aCA), aOr, separation
distance s and angle of attack a.

Using the results given in the graph, the coefficients of lift, drag and
moment are plotted for each value of angle of attack o and the distance s
froni the leading edge to the separation point as in figures 6a, 61 and 6c.

Inspection of figures 2, 1. 3 and 4 shows that as the separation point on
the upper surface of the flat plate moves rearwards the flow closes and the
reunio point moves such that tire flow approaches the Joukowski configura-
lion. In full llehholtz flow the leading edge B, tie sel)aration point C and

4



lie iniflect ion poinit XV coincidle. thle flow appears ais if hiaviiig its upper free

st reamiliine leaving its leading surface tanigeintially at t lie leading edge. As
the two t railing st realinles tend to close 111). the inflect ion poinit Wi riloves

awyfroint t lie separat ion point C, tendIing t owardls infinity. After closure of
he two free st reamulines, the inflect ion point W nioves into file lower trailing

st reaniiie and ap~proachies the trailing edIge E as thie flow t ends towards a
Jon kowski flow. Our assumipt ion that there is exactl one iniflect ion point
NV onl thle two t railiiig free st reaimlines has been just ified since tilie resulting
flows forin admissible solutions to the p~roblemi.

At any angle ofat tack oftlie flat plate, thle drag value can range between a
imax iimum iialue corresp~ond~ing to Hlelmtholt z flow and zero as in a closed wake
flow. It is nioted that thle lift iii this theory c-an still lbe posit ive for angle of
attack higher t han T/2. provided thle sep~aratiloll poinit is alplrolpriat ely* chioseni
a., illuist rat ed in figure Ga. As call be seen in figures 5 and Ic, when t lie poit
1) is not oii the positive part of thle real axis of thle alplane. i.e. in finite
wake flows, it is on thle left hand side of the semi-circular dlisc onl t his p~lan(e,
which corresp~onds to the left hand side of the breakwater of figure 11Ii. This
makes the flow speed on the trailing free stream iiines- lower than the flow
speedl at infinity. By Bernoulli's theorem, the p~ressuire onl thlese trailing free
st reamiliiies, and hienice the pressure inside the finite wake, must be higher
han the p~ressuire at infinity. This is not found to occur ex periiiieiit ally, and

is a coniuhion shortconming of freestreaii flow miod1els as already dliscussed [in
Ii e init rodl uc tion part of thle pa per.

3. Flow about an arbitrary aerofoil

Fe existence of separated flow ab~out an arb~itrary aerofoil is now es-
t ablislied. The result was conjectured by Sclunuieden using Only physical
reasoning.

First using equtat ion (1) and (2) t he potential uis est ablished as ini the

previous sect ion. The physical z-plane is as in figure 7 and a ,-p~lane defined

with c beiing a complex scaling constant. Obviously the aerofoil boundary
in tfhue \~ plane is not a semi-circle of unit radius but is distorted as depictedl
i n fi guire S.

In accordance with Riemann's mapping theorem. the area bounded by
thle curve ACWDEA can be mapped onto the tipper semi-circular section in
the aplane of figure lc such that aw =0, 1VA1 = l = VOEJ = I and dx/dor > 0
at x0. In this way the transformation N(a) is given by

X ,o (8)

where h,, are the real v-aluied coffucients of the series and hi > 0. The series so
dlefinedl is convergent for all 1,7 < i.

'Fhe resiilts presenited above cover Sch utieden's conject ire: The separated
flow around any given aerofoil corresponds to a separated flow around a flat,
plate. The correspondence is given by equation (8).



The colii 1 osit e funict ion ((\(,Y)) for t his flow is t hus defi ned for all , inide~l
lie uipper semi-cl rcu lar disc. By writing

,n a ) + i(()

it c-all be p~rovedi that thle funict ion (~().which Is

4)-i- +hl( ) + Constant.

is analytic onl the semii-circular disc and that ~(xa)is real for -1 < a< 1.
Therefore ((\(a)) takes the form

with all a,. a_,. a),,... real. The constant a,, is real for real uf, aiid is coimpllex
otherwise. The condit ion for the staginat ion point to he at A remiains thle
samte as for a flat plate and is given by equation (G). The closure conidit ion
(7) now becomes

(or

el D CrA GD) - A )~,7
1

.(

When -r, sweeps a semii-circullar arc dlescribed by at) =re-' (0 < r <
1,rkept constant. 6 increasing from 0 to 7r) the first two termis being

- ?J11i("A )/I(GI - GA )(OaD - " A )] (h0 not cont ribute to the increase in .3 hut thle
hiird term iiiay alter the value of ii. The right-hand side of equxation (10) is
lie product of d(/dIk andl d\/r. Since (a) is a one-to-one arid onito conformial
mtappinig. the (derivat ive dx/da, cannot vanish anywhere oil the disc Jll < i.

On the other hand, the (derivative

d( ~ \2 \

changes sign once for X travelling on the real segnient (Xc. X\E). Therefore
31 changes its value by wr"henl GD sweeps the semii-circular arc described by

a)=rea (o < r < t, r kept constant, v increasing froii 0 to r). Thus a proof
simiilar to that ofthe preceding section can be constructed to prove that there
exists a continuiouis line for GD such that the pair of equations (6) and (7)
are satisfied onl that line. Hence with any arbitrary aerofoil at a given angle
of attack, the flow can vary continuously from fully attached (Joiikowski)
flow to fully separated ( Ihelinholt z) flow. It is worthwhile not ing I hat thle
ciirvat tire k for a free streamline of speedl qf is given by

dfJ d( da (I
k =~ = iqjj1 " du I for real u.

IHeiice

k' qf[-2uuu( -+ dxdale- forrela

a e u



It i., notted t hat thle clirvat tire is infinite at thle start ing poit., and al1.o at t he
reuittoin p~oin t of bothI free st reaminlines. Thle reasont is thIiat V l/ anishles at
the points, C. E and F.

As ii) tendis to 0, 6.4 tend,, to ie-42 and k tend., to 0. Therefore t he
quatitt inside the accolades imost vanish. Hience

0
at =2COS() (12)

for a flow w-ith free st reamtlines closing at infinity' .

For a flow with finiute wake thle circulation arouitd the wing is 2-, where

is given by the systeim of eqiiatiotis (6) and (7). [lie free-st reati velocity
(at t he poitit D)) is giveni by

and thle piire lift (there is no drag in flows with finite wakes) is given by

where p is thle deiisity of thle fluid, As the two st reaiilinies open lie pure lift
cliatnges smioothlly into lift and drag caused by a stagnation zonie behind the
aerofoil.

For the practical computation of flow about a giveni aerofoil. it is conve-
inient to use the following formnula,

0)= in'
7

_A) + ( _,I ~ )dj ti) + complex constant

where f(i) is a function with bounded variation defined for all real t with
0 < t . then each flow regime corres[ponds to a fiunction J~t). Hlowever the
conistruct ion of mich a functioin f(t) fromt a giveni aerofoil shape and selected
17D is complicated as it involves thle determination of the fuinct ion 1(t) to fit
a given curve. Figure 9 gives a closed wake flowv about an approxiimated
NA('A-23012 aerofoil obtained with this method. The aerofoil is represented
by a polygon which then gives the function f(t) as a step function. The steps
of this funct ion are dletermined by a Newt on- H aphson iteration method.

The reader is also refered to the book by Birkhoff and Zarantonello for
other met hods of determining flows around a curved obstacle.

4. Flat Plate with rear Free-stream Flap

By making soime mtinor changes to d./dwu differetnt flowvs cati be con-
structed from the same basic e -plane. One such variation considered here is
the flow about a flat p~late aerofoil with a rear free-stream flap. The hound-
ary of this flow is eit her of constat direct ion or of coiistatnt pressure. The
flow is obtaiied with the ,elect ion of dl:/du as

4", Or- 7A a - aG\~

7=C-~



whr ris the t railiing edge angle of tile aerofoil. Thie flowv so obtainied
i. given LiI figuLre 10. This resuilt was obtained previously by Hurley andl
Ru~glein (u.Iing a diffe renlt techiqu te) and recently reca IcLi lated by SafrniaL
an LLT atLLveer (uin~ILg y~et aliothIer techniiiq ue). (Coipa rinLg thils flow with iL I
separated flow.~ %ith reunIIion aboult a flat p~late it can be seen t hat t here are
three equaItins conne11ctin~g I and~ i~. This redunidanlt systelil of equlations1 IInl-
p~oses certaLin relat L)io )5p bet ween~ CA, a a"Il '71) ald co iseqtUit ly bet ween

and' -" as prev ioiisly sulggested by the above four auithIors. It is niote(]
that tile clos~ing condit ion for thlis flow is still equlation (7) as in the previouls
two sect ions5.

S. ConclusionsI Ill~Te iincoipre..sille. inicidf flow about a flat plate with an assign~ed
,epiarat ion point o)1 the rearwar~L su~rface has been described Lisiiig a siiigle
'Ililaile. Soille of the inlterest ing points about the flow are:

a. For everY aiigle of at tack. thle flow about a flat plate call vary cont in-
uLoulSy frontl flully-at taclied (Jouikowski) flow to fully-separated ( tlelnubolt z)
flow, withI thle K otta condition always satisfied at the t rainig edlge. anid withI
lie posit ion of the separation point as an assignable paranieter to (let eriine

the flow configuration. ReducedI circulation flow. iii which thle free strcaili-
lines close at a finite distance, arid Schiniedeifs flow are iiiterniediate states.

1). Lift arnd drag vary cont inouLsly as thle separat ion poinlt ilioves oIL the
rearward surface ofthe flat plate. Drag is zero for all flows wvith a finite wake.
Lift c-an reil p~osit ive even for angle ofat tack greater t han T/2 providled the
separat ion point is app~ropriately chioseni. Pitching inolnietit about thle qularter
chiord poinit can increase or decrease with ti~e angle of attack dlepend~ing on
lie chosen p)osit ion of t he separat ion p~oirnt.

c- Thiere is onLly one inflect ion poiiit on t lie t railing free st reani iles. 1lis,
iniflectiln poinit is on the upperC free streaniline when the flow is open aiid is
on thle lower one when t he flow is closed.

d. Results analogolus to a. and~ b. also hold for an arbitrary aerofoil
sect ion.
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APPENDIX A

A fail-Proof algorithm for obtaining arg(ap)
in Flows about a Flat Plate

TO calcuilate the Valtle Of urg((TD) when 1,)f is giveni for flows abouit a flatplate withI reuniioni of free st reajin line the followig flow chart Carl be uised

ASTART

irg(cr)s 0001YD

31 0 , [ - - D



APPENDIX B

Algorithm for the calculation of Flow

about a Flat Plate

To calcuilate the flow about a flat plate with given values of a and s thie
following flow chiart is used

STA RT

INPUT
angle of attacka
separation points

11D



APPENDIX C

Algorithm for the calculation of Flow
about an approximation (polygonal) wing

To calculate the flow about a wing with a given polygonal cross sec-
tion (approximating a smooth cross-section) for given values of . and s tile
following flow chart is used

i C START)

IN PUT
angle of attack o

separation point s
lengt i of sides of polygon

with attached flow
I

set initial approximation
for BBi.-Oe.

compute coordinates of corners
of the polygonal boundary

are equal to desired[ values

ITERATION ICOMPLETED

UIPI

flow data

S It0 1,
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FIG. Ib: SKETCH OF SEPARATED FLOW ABOUT A FLAT PLATE REPRESENTED IN THEPLANE.
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FIG. 1 c: SKETCH OF SEPARATED FLOW ABOUT A FLAT PLATE REPRESENTED IN THE
a PLANE.
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FIG. 2: SEPARATED FLOW ABOUT A FLAT PLATE, WITH aT D7 E (ANGLE OF ATTACK7r14)
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FIG. 3: SEPARATED FLOW ABOUT A FLAT PLATE, WITH a'D eIW (ANGLE OF
ATTACK = n/4).
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FIG 4: FLOW ABOUT A FLAT PLATE WITH A FINITE TRAILING WAKE (ANGLE OF
ATTACK , r14).
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FIG 6a: LIFT COEFFICIENT OF A FLAT PLATE FOR DIFFERENT ANGLES OF ATTACKS
AND POSITIONS OF SEPARATION POINT.
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FIG. 6b: DRAG COEFFICIENT OF A FLAT PLATE FOR DIFFERENT ANGLES OF ATTACKS
AND POSITIONS OF SEPARATION POINT.
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FIG 6c: MOMENT COEFFICIENT OF A FLAT PLATE FOR DIFFERENT ANGLES OF
ATTACK AND POSITIONS OF SEPARATION POINT (SHIFTED CO-ORDINATES
USED FOR s=0.9 to s=O.001 WITH EACH CURVES BEGINNING FROM ITS
ZERO CO-ORDINATE)
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FIG. 7: SKETCH OF SEPARATED FLOW ABOUT AN ARBITRARY AEROFOIL.



FIG. 8: SKETCH OF SEPARATED FLOW ABOUT AN ARBITRARY AEROFOIL,
REPRESENTED IN THE .VPLA NE.



FIG. 9 SEPARATED FLOW ABOUT AN APPROXIMATE NACA 23012 AEROFOIL.
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FIG 10 FLOW ABOUT A FLAT PLATE WITH REAR FREE STREAM FLAP,
REPRESENTED IN THE z-PLANE AND o- PLANE
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